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ABSTRACT
The general theory of N=1 supergravity with supermatter is applied to a Bianchi type
IX diagonal model. The supermatter is constituted by a complex scalar field and its spin-12
fermionic partners. The Ka¨hler geometry is chosen to be a two-dimensional flat one. The
Lorentz invariant Ansatz for the wave function of the universe is taken to be as simple as
possible in order to obtain new solutions. The set of differential equations derived from the
quantum constraints are analysed in two different cases: if the supermatter terms include
an analytical potential or not. In the latter the wave function is found to have a simple
form.
PACS numbers: 04.60.+ n, 04.65.+ e, 98.80. Hw
* e-mail address: prlvm10@amtp.cam.ac.uk
1
I. Introduction
The subjects of supersymmetric quantum gravity and cosmology have achieved a num-
ber of interesting results and conclusions during the last ten years or so. Several approaches
may be found in the literature, namely the triad ADM canonical formulation [1–26,62,63],
the σ−model supersymmetric extension in quantum cosmology [27–31] and another ap-
proach based on Ashtekar variables [32–40]. Quite recently, important contributions have
also been made [22,23,24], which point towards a well desired revival of the field. A review
on these subjects is currently in preparation [41].
The canonical quantization framework of N=1 (pure) supergravity was presented in
ref. [1], following [42,43]. It was pointed out that it would be sufficient, in finding a
physical state, to solve the Lorentz and supersymmetry constraints of the theory because
the algebra of constraints of the theory leads to anti-commutation relations implying that
a physical wave functional Ψ will also obey the Hamiltonian constraints [1,42]. The factor
ordering of the Hamiltonian constraints is determined by the anti-commutation relations
of the supersymmetry constraints. Namely, it will depend on how we order the fermionic
derivatives in the supersymmetry constraints, which are enforced by the ordering in the
spinorial form of the gravitational momentum. More precisely, such factor ordering implies
that supersymmetry constraints should describe the left and right handed supersymmetry
transformations (cf. ref.[1]) (when considering reduced minisuperspace models, different
factor ordering have been chosen [10-12,18,25]).
Using the triad ADM canonical formulation, Bianchi models in pure N = 1 super-
gravity have been studied in ref [2-8,22,23,24] . The quantum states may be described by
a wave function of the form Ψ(eAA′i, ψAi) where eAA′i and ψAi denote, respectively, the
two-component spinor form of the tetrad and the spin-32 gravitino field. The wave func-
tion may be then expanded in even powers of ψAi, symbolically represented by ψ
0, ψ2, ψ4
up to ψ6 because of the anti-commutations relations of the six spatial components of the
gravitino fields (see ref.[6,7,15,16,24] for more details).
The analysis of locally supersymetric Bianchi class A models also began to face some
unexpected difficulties. Supersymmetry (as well as other considerations) forbids mini-
superspace models of class B. Firstly, models without supermatter had (simple) solutions
only in the empty ψ0 (bosonic) and fermionic filled ψ6 sectors. More precisely, the physical
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states in these sectors were, respectively, given by (cf. ref. [6-8,13,16,22,23,24])
ψ0 → empqhpq , (1.1)
ψ6 → he−mpqhpqΠi(ψAi )2. (1.2)
Here h is the determinant of the 3-metric hpq and m
pq is defined from the relation
dwp =
1
2
mpqh−
1
2 ǫqrsω
r ⊗ ωs, (1.3)
where ωr are basis of left-invariant 1-forms on the space-like hypersurface of homogeneity;
the constant symmetric matrix mpq is fixed by the chosen Bianchi type (cf. e.g., [44]).
Secondly, these states could be interpreted either as Hartle-Hawking no-boundary solutions
[45] or wormhole states [46]. However, one could not found both of them in the same
spectrum of solutions. According to different homogeneity conditions for the gravitino
field (cf. ref. [8]), we either could find the Hartle-Hawking or the wormhole state. In
addition, these solutions in minisuperspace were shown not to have any counterpart in the
full theory because no states with zero (bosonic) or finite number of fermions are possible
there [19,20]. Finally, when a cosmological constant was added no physical states were
found [14,15,16,36] (regarding the k=1 Friedmann-Robertson-Walker model, where the
fermionic degrees of freedom of the gravitino field are very restricted, a bosonic quantum
physical state was found, namely the Hartle-Hawking solution [45] for a De Sitter state).
It seemed that the gravitational and gravitino modes that were allowed to be excited in
each supersymmetric Bianchi model contribute in such a way as to give only very simple
states or even forbid any physical solutions of the quantum constraints.
All these results seemed difficult to accomodate. In fact, doubts were then raised
in ref.[23,24]: even though canonical quantum supergravity has more constraints than
ordinary quantum gravity, it has surely much more degrees of freedom than gravity1.
Hence, why should we experience problems such as the above expressed, like few or even
1
One should also stress that the action of the full supergravity theory with boundary terms [1] is not
fully invariant under supersymmetry transformations. The invariance of an action under the corresponding
symmetries of the problem in study is an obvious desideratum [47]. In ref. [22] such invariance for supersymmetry
transformations was achieved for the case of Bianchi class A models using appropriate extra boundary terms.
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no physical states in acceptable physical situations? The cause for the apparent paradoxical
results mentioned in the previous paragraph was the use of an Ansatz too special for the
ψ2 and ψ4 fermionic (middle) sectors in the wave function. This Ansatz [6-8,13-16,26]
for Lorentz invariant fermionic sectors allowed only for two bosonic amplitudes in each of
the ψ2 and ψ4 middle fermionic sectors. These were constructed only from the Lorentz
irreducible modes of the gravitino field and corresponded to bilinear and quadratic terms
in the gravitino field. However, there can be actually up to 15 such invariants, when
we consider the Lorentz irreducible modes of the gravitational degrees of freedom as well
(see [23,24] for more details)2. These 15 Lorentz invariant components for each fermionic
middle sector correspond to a single one which satisfy a Wheeler-DeWitt type equation.
For a particular factor ordering, we obtain the wormhole state in the bosonic sector and
the Hartle-Hawking solution in the quartic fermionic sector. The extension of ref. [23,24]
framework to Bianchi models with a cosmological constant term is currently under way
[49].
A subsequent step would be to consider more general supergravity models involving
lower-spin fields. One possibility is to take higher-N gauged supergravity models [50].
Generically, these are technically difficult in the approach used in [1] because they may
contain a Λ-term which breaks chirality. Some results on the canonical quantization of
d = 4, N = 2 supergravity with a non-zero cosmological constant using Ashtekar variables
was presented in [40]. However, the simple N = 2 supergravity with a global O(2) or
SO(3) symmetry [50,51,52] may still prove to be useful within the ADM approach. In
these particular cases, we do not have the imposition of a cosmological constant term. An
analysis for the case of a Bianchi I model is currently in progress [53]. Another possibility
is to consider the theory of N = 1 supergravity coupled to supermatter, and in particular
its supersymmetry constraints (see e.g., ref. [54]). Its canonical formulation can be found
in refs. [17,18].
Clearly, a richer and more interesting class of models is given by coupling supermatter
to N = 1 supergravity in 4 dimensions. In particular, a dimensional reduction allows one
to obtain a (1+0)-dimensional theory with N=4 supersymmetry from (1+3) dimensional
2
For the case of a FRW model without supermatter and due to the restriction of the gravitino field to its
spin-
1
2 mode component, the “old” Ansatz for the wave function remains valid [48].
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(pure) N=1 supergravity [9,10,12]. Although such minisuperspace constructions may pro-
vide us with further understanding of some specific aspects which we hope that will hold in
some limit for the general 4-dimensional theory, one should also point out their limitations.
The truncation of the inhomogenous modes constitute a severe restriction, in particulary
in a Friedmann model where the anisotropy degrees of freedom have been frozen as well.
The validity of the minisuperspace approximation in locally supersymmetric models is yet
an open problem. Nevertheless, simplified models like the special case of a FRW universe
may allow us to obtain interesting properties even if the results may strongly depend on
the minisuperspace truncations. In ref.[9-12] an Ansatz for the gravitational and spin-32
fields was introduced in order to reduce pure N = 1 supergravity in 4 dimensions to a
locally supersymmetric quantum cosmological model in 1 dimension, assuming a Fried-
mann k = +1 geometry and homogeneity of the spin-32 field on the S
3 spatial sections.
The Hamiltonian structure of the resulting theory was found, leading to the quantum con-
straint equations. The general solution to the quantum constraints is very simple in this
case, and the Hartle–Hawking wave-function can be found. Following the particular super-
matter model described in ref. [55], a FRW minisuperspace in N=1 supergravity coupled
to locally supersymmetric supermatter (a massive complex scalar with spin-1
2
partner) was
considered in ref. [10,11,12]. In the massless case [11] a ground quantum wormhole state
can be found as a solution of the quantum constraints in the form of an integral expression.
Locally supersymmetric quantum cosmological models obtained from the more general
N=1 supergravity theory in the presence of supermatter were instead considered in ref.
[18,21,25,26]. Such theory is described in detail in ref. [54]. The theory was restricted
in ref. [18,21] to the special case of a k = 1 FRW minisuperspace model with a family
of complex spin-0 scalar fields together with their odd (anti-commuting) spin-1
2
partners.
The Ansatz for the wave function of the universe was still found in the “old” approach.
For the two-dimensional spherically symmetric and flat Ka¨hler geometries new solutions
with a simple form for the quantum states were found. In particular, the Hartle-Hawking
solution is present but the wormhole state seems absent3. Furthermore, different factor
3
This issue has been recently addressed in ref.[62]. The differences in ref. [11,18,21] relatively to the presence
or not of wormhole states can be seen as a consequence of two separate causes. On the one hand, the choice of
Lagrange multipliers (which may simplify the form of the contraints and corresponding algebra) and on the other
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ordering were also considered. In ref. [25] a supermultiplet constituted by spin-1 SU(2)
gauge fields and their fermionic partners was added as well to the supermatter fields. By
imposing the supersymmetry and Lorentz constraints it was found that no physical states
were allowed4.
In this paper we will study instead a locally supersymmetric (diagonal) Bianchi type-
IX model coupled to a scalar supermultiplet, formed by a complex spin-0 scalar fields
together with their odd (anti-commuting) spin-1
2
partners. We choose the corresponding
Ka¨hler geometry to be a flat one. This Bianchi type-IX supersymmetric model will bear
important differences as far as FRW models in N=1 supergravity with supermatter are
concerned.
Firstly, anisotropic gravitational degrees of freedom are now present. Consequently,
the gravitino fields are no longer required to be severly restricted to their spin-1
2
modes
(see ref. [9-12,18,21,25]) and hence the spin-32 modes will play an important role as we will
see. In such a way we hope our minisuperspace model with supermatter may be able, in
spite of the inhomogenous modes truncation, to better reveal some of the features of the
full theory of N=1 supergravity theory with supermatter.
Secondly, we will take a different approach from the one involving a direct dimensional
reduction of the d = 4 theory. Dimensional reduced one-dimensional models which inherits
invariance under local time translations, Lorentz and supersymmetry transformations from
4-dimensional ones can be obtained by studying the (more complicated) non-diagonal
Bianchi cases [6,7,15]. To obtain an Ansatz invariant under supersymmetry transfomations
one must use a non-diagonal triad eai = b
a
bE
b
i where bab is symmetric (a, b = 1, 2, 3)
and combine it with a homogeneous spatial coordinate transformation and local Lorentz
rotations. Such an approach was done in ref. [2-5,6] and was recently extended for the
case of a Bianchi-I model with a scalar multiplet coupling [26]. However, it has also been
hand how we deal with the fermionic derivative ordering. A suitable combination of these two aspects seems to
make a difference.
4
A possible reason could either be the use of the “old” type of Ansatz for the wave function of the universe
or that the Ansa¨tze for the spin-1 field and corresponding supersymmetric partner were not the more general
one under supersymmetry transformations. In fact, an improved Ansatz for the Yang-Mills fields seems to allow
physical states to be present in a locally supersymmetric FRW model with spin-1 fields [63].
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pointed that the dimensional reduction with diagonal Bianchi models may be safely used
[5,56,57] as in the end the algebra of constraints is closed and consistently a supersymmetric
one. Alternatively, the differential equations for our case study may be obtained instead by
studying the quantum constraints of the full theory of N=1 supergravity with supermatter
[17,18,54] subject to a Bianchi type-IX (diagonal) ansatz for the tetrad and correspondingly
to the gravitino fields. Our purposes in applying the quantum constraints of the full theory
are, on the one hand, to make a full use of the recently obtained canonical formulation
of N=1 supergravity with supermatter [17], and on the other hand, to use the (simpler)
diagonal Bianchi-IX metric. This is a valued approach since the relevant constraints are of
first order in bosonic derivatives, unlike the case in quantized general relativity. We will
then get expressions for the quantity δΨ/δeiAA′ which, when evaluated at a Bianchi metric,
give the infinitesimal change of the wave function under a variation of the three scale factors
of the Bianchi type-IX metric and hence allow the evolution of the wave function subject
to the above mentioned Ansatz to be determined. The outcome will then be similar to the
one obtained through a dimensional reduction. We would also like to stress a particular
advantage of using the (diagonal) Bianchi IX model as opposed to more simple cases such
as a (general) Bianchi-I. In the former, we will have non-zero gravitational potentials while
in the later those will be zero. Hence, for the case of free matter one gets a model without
self interactions for the Bianchi-I while in the Bianchi-IX case one expects a behaviour
which will be, up to some extent, more realistic as far as the full theory is concerned.
Finally, we will analyse our Bianchi-IX supersymmetric model with supermatter ac-
cordingly to two cases: with and without a scalar field dependent analytical potential P (Φ)
in the Lagrangian. The fact that we will have all the homogenous mode components of the
gravitino field as well as the terms in the action corresponding to a gravitational potential
may allow future research to address supersymmetry breaking features from other points
of view. Indeed, supersymmetry breaking phenomena is related to the behaviour of the
scalar field dependent analytical potential (cf. ref. [54]). Moreover, the presence of the
analytical potential in the supersymetry constraints is similar in some sense to the one
induced by a cosmological constant, therefore allowing for chirality to be broken. It will
be interesting to check in the case P (Φ) 6= 0 if any quantum-physical states are possible.
Nevertheless, one should be very careful as to properly interpretate the results with respect
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to the choice of wave function Ansatz.
In fact, let us point out before proceeding that we will follow in this paper an Ansatz
for the expansion of the wave function in fermionic sectors, which is still obtained within
the “old” approach. Basically, we consider the simplest Lorentz invariants, constructed
only from the irreducible spin-1
2
and 3
2
components of the fermionic fields in presence (see
eq.(3.13)). Obviously, we are aware that this is an overly restricted Ansatz as compared
with the “new” approach developed in [23,24]. Our reasons are as follows.
On the one hand, the so called “new” approach conveys any final calculations of the
explicit analytical solutions of the bosonic amplitudes for the fermionic middle sectors to a
(second order) Wheeler-DeWitt type equation. It would be much harder to try to solve a
Wheeler-DeWitt type equation for a Bianchi type-IX model with a complex scalar matter
field, which to our knowledge do not exist yet in the literature (a study of a Bianchi-IX
model with a real scalar field can be found in [62]). Moreover, the amplitudes of the
bottom (bosonic) and top (fermionic filled) sectors in [23,24] are present in the “old”
Ansatz procedure, using the (first order) differential equations directly obtained from the
Lorentz and supersymmetry constraints. Furthermore, the middle sector solution obtained
in [23] from the Wheeler-DeWitt type equation is not new in the sense that it was allready
found out using a specific definition of homogeneity conditions for the gravitinos [8] and
in the context of the “old” Ansatz construction.
On the other hand, we would like to obtain new solutions which would bear any phys-
ical significance with regard to minisuperspace Bianchi-IX cosmologies. A straightforward
(although tedious) way would be to consider the (first order) set of differential equations
obtained from the supersymmetric constraints, as the “old” procedure allows. We hope
in this way to get solutions that ought to be present as well in the approach of [23,24],
possibly giving us an insight on how to generalize it to couplings with supermatter. As
we will see, solutions in the top and bottom sectors as well as in some middle sectors
are obtained for our model when the analytical potential is zero. We suspect that these
or similar properties and solutions would be obtained in the “new” approach but at the
expense of having to deal with a Wheeler-DeWitt equation. Of course, we could possibly
find out other solutions with a more general Lorentz invariant Ansatz for the wave function
of the universe. Our point is that the “old” Ansatz construction may still be usefull, up
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to a certain point, if addressed within its proper context.
The above statements should however be taken with care as far as the inclusion of
chirality breaking terms (like a cosmological constant) are concerned. The non-existence
of physical states in that case is again another indication that the “old” restrictive Ansatz
is not adequate when dealing with these type of situations. Surely the “new” approach
is a welcomed feature for the theory of canonical quantization of locally supersymmetric
models.
This paper is then organized as follows. In section II we briefly describe the canonical
formulation of N=1 supergravity with supermatter, following ref. [17,18]. For the sake
of completeness we present the general theory with gauge supermatter, ie, with a family
of spin-0 and 1 fields and their fermionic partners. Some basic features are improved as
well. More precisely, the variation of some physical observables under supersymmetry
transformations obtained from the supersymmetry constraints generators in [17,18] do not
coincide with the ones present in the literature (see, e.g. ref. [54]) for the cases of the spin-
1
2 partner of the scalar field and the gravitino. We explain why this problem was present
and suggest the inclusion of adequate terms in the Hamiltonian formulation as to get
consistent results with the usual supersymmetry transformations. The quantization of the
diagonal Bianchi-IX model is studied in section III, by studying the quantum constraints
in the full theory subject to a suitable Bianchi-IX Ansa¨tze for the fields. The chosen
supermatter model will be restricted to a spin-0 and spin-1
2
supermultiplet, corresponding
to a 2-dimensional flat Ka¨hler geometery. We will discuss separatly two cases: when the
scalar field dependent analytic potential P (Φ) is arbitrarly and when P (Φ) is zero. For our
Lorentz invariant Ansatz of the wave function of the universe we will find that in the later
the wave function has a simple form. Namely, the only non zero components of the wave
function can be found in the sectors with no fermions (bosonic) and in three other sectors,
more precisely filled with just the spin-12 fermionic partners of the scalar field, another
filled with just the spin-12 and
3
2 mode components of the spatially homogeneous gravitino
field and finally one totally filled with spin-1
2
fermionic partners of the scalar field as well
as the the spin-12 and
3
2 mode components of the gravitino field. In section IV we present
our discussons and conclusions.
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II. Canonical formulation of N=1 supergravity with supermatter
The Lagrangian of the more general theory of N=1 supergravity with supermatter
is given in eq. (25.12) of [54] and it is too long to write out here. It depends on the
tetrad eAA
′
µ, where A,A
′ are two-component indices using the conventions of [1] and µ is
a space-time index, the spin-3
2
gravitino field
(
ψAµ, ψ˜
A′
µ
)
. whose components are taken to
be odd elements of a Grassmann algebra, on a vector field A
(a)
µ labelled by a group index
(a), its spin-1
2
partner
(
λ
(a)
A , λ˜
(a)
A′
)
, a family of scalars
(
ΦI ,ΦJ
∗
)
and their spin-1
2
partner(
χI
A, χ˜
J∗
A′
)
. The indices I, . . . , J∗, . . . are Ka¨hler indices, and there is a Ka¨hler metric
g
IJ∗ = KIJ∗ (2.1)
on the space of
(
ΦI ,ΦJ
∗
)
, where KIJ∗ is a shorthand for ∂
2K/∂ΦI∂ΦJ
∗
withK the Ka¨hler
potential. Each index (a) corresponds to an independent Killing vector field of the Ka¨hler
geometry. Such Killing vectors are holomorphic vector fields:
X(b) = XI(b)
(
ΦJ
) ∂
∂ΦI
, (2.2a)
X
∗(b) = XI
∗(b)
(
ΦJ
∗
) ∂
∂ΦI∗
. (2.2b)
Killing’s equation implies that there exist real scalar functions D(a)
(
ΦI ,ΦI
∗
)
known as
Killing potentials, such that
g
IJ∗X
J∗(a) = i
∂
∂ΦI
D(a) , (2.3a)
g
IJ∗X
I(a) = −i ∂
∂ΦJ∗
D(a) . (2.3b)
In the Hamiltonian decomposition, the variables are split into eAA
′
i, ψ
A
i, ψ˜
A′
i, A
(a)
i ,
(i = 1, 2, 3, denotes spatial components) λ
(a)
A , λ˜
(a)
A′ , χ
I
A, χ˜
J∗
A′ , Φ
I , ΦJ
∗
, which together with
the bosonic momenta are the basic dynamical variables of the theory, and the Lagrange
multipliers N, N i, ψA0, ψ˜
A′
0, A
(a)
0 , MAB, M˜A′B′ , where N,N
i are formed from the
eAA
′
0 and the e
AA′
i [1], and MAB, M˜A′B′ involve the zero components ωAB0, ω˜A′B′0 of the
connection (see below). The constraint generators are functions of the basic dynamical
variables.
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The total Hamiltonian has the form
H = NH⊥ +N iHi + ψA0SA + S˜A′ ψ˜A
′
0
+A
(a)
0 Q(a) +MABJ
AB + M˜A′B′ J˜
A′B′ , (2.4)
expected for a theory with the corresponding gauge invariances. Here N and N i are the
lapse function and shift vector, while H⊥ and Hi are the (modified) generators of defor-
mations in the normal and tangential directions. SA and S˜A′ are the local supersymmetry
generators, Q(a) is the generator of gauge invariance, and J
AB and J˜A
′B′ are the generators
of local Lorentz rotations. Classically, all the constraints H⊥,Hi, SA, S˜A′ , Q(a), JAB, JA
′B′
vanish, and form a set of (first-class) constraints, satisfying an algebra. Quantum mechan-
ically, the constraints become operators which annihilate physical states Ψ:
H⊥Ψ = 0 , HiΨ = 0 , SAΨ = 0 , SA′Ψ = 0 ,
Q(a)Ψ = 0 , J
ABΨ = 0 , J
A′B′
Ψ = 0 . (2.5)
For the gravitino and spin-12 fields, the canonical momenta give second-class con-
straints of the types described in [1,43,58]. These are eliminated when Dirac brackets are
introduced [1,10,43] instead of the original Poisson brackets. In particular, one obtains
nontrivial Dirac brackets for p iAA′ , (the momentum conjugate to e
AA′
i), for ψ
A
i and ψ˜
A′
i,
for λ
(a)
A and λ˜
(a)
A′ , for χ
I
A and χ˜
J∗
A′ , and for πL, πL∗ , (the momenta conjugate to Φ
L, ΦL
∗
).
These can be made into simple brackets as follows.
The brackets involving p iAA′ , ψ
A
i and ψ˜
A′
i can be simplified as in the case of pure
N = 1 supergravity [1] by redefining
p iAA′ → pˆ iAA′ = p iAA′ −
1√
2
ǫijkψAjψ˜A′k . (2.6)
The ΦK and ΦK
∗
dependence of KIJ∗ is responsible for unwanted Dirac brackets among
χI
A, χ˜
J∗
A , πL and πL∗ . In fact, defining πIA and π˜I∗A′ to be the momenta conjugate to
χIA, and χ˜
I∗A′
, respectively, one has
πIA +
ih
1
2√
2
KIJ∗nAA′ χ˜
J∗A′
= 0 ,
π˜J∗A′ +
ih
1
2√
2
KIJ∗nAA′χ
IA = 0 . (2.7)
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Here nAA
′
is the spinor version of the unit future-directed normal vector nµ, obeying
nAA′n
AA′ = 1 , nAA′e
AA′
i = 0 . (2.8)
One cures this by introducing the modified variables
χˆ
IA = h
1
4K
1
2
IJ∗δ
KJ∗χ
KA ,
ˆ˜χ
I∗A′ = h
1
4K
1
2
JI∗δ
JK∗χ˜
K∗A′ , (2.9)
where the factor of h1/4 has been introduced for later use (in the time gauge – see below).
K
1
2
IJ∗ denotes a “square root” of the Ka¨hler metric, obeying
K
1
2
IJ∗δ
KJ∗K
1
2
KL∗ = KIL∗ . (2.10)
This may be found by diagonalizing KIJ∗ via a unitary transformation, assuming that the
eigenvalues are all positive. One needs to assume that there is an “identity metric” δKJ
∗
defined over the Ka¨hler manifold; this will be true if a positive-definite vielbein field can
be introduced. Then the second-class constraints in Eq. (2.7) read
πˆIA +
i√
2
δIJ∗ nAA′
ˆ˜χ
J∗A′
= 0 ,
ˆ˜πI∗A′ +
i√
2
δIJ∗ nAA′ χˆ
JA
= 0 . (2.11)
Finally, the brackets among pˆ iAA′ , λ
(a)
A , λ˜
(a)
A′ , χˆ
I
A and
ˆ˜χ
J∗
A′ are dealt with by defining (see
ref. [58,59])
λˆ
(a)
A = h
1
4λ
(a)
A ,
ˆ˜
λ
(a)
A′ = h
1
4 λ˜
(a)
A′ , (2.12)
and then going to the time gauge. In this case, the tetrad component na of the normal
vector nµ is henceforward restricted by
na = δa0 , (2.13)
or equivalently
e0 i = 0 . (2.14)
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Thus the original Lorentz rotation freedom becomes replaced by that of spatial rotations.
In the time gauge, the geometry is described by the triad eα i(α = 1, 2, 3), and the conjugate
momentum3 is p iα .
The resulting Dirac brackets are[
p iα , ψ
B
j
]
D
= 0 ,[
p iα , ψ˜
B′
j
]
D
= 0 ,[
p iα , pˆ
j
β
]
D
= 0 ,[
p iα , λˆ
(a)
A
]
D
= 0 ,[
p iα , χˆ
I
A
]
D
= 0 , etc. (2.15)
[πL, πM ]D = 0 ,[
πL, χˆ
A
I
]
D
= 0 , etc. (2.16)
The remaining brackets are standard; the nonzero fermionic brackets are[
λˆ(a) A(x),
ˆ˜
λ
(b)
A′(x)
]
D
=
√
2inAA′δ
(a)(b)δ (x, x′) , (2.17)
[
χˆI
A(x),
ˆ˜χ
J∗
A′ (x
′)
]
D
=
√
2inAA′δ
IJ∗δ (x, x′) , (2.18)
[
ψAi(x), ψ˜
A′
j (x
′)
]
D
=
1√
2
DAA
′
ijδ (x, x
′) , (2.19)
where
DAA
′
ij = −2ih−
1
2 eAB
′
jeBB′in
BA′ . (2.20)
We would like to point out that some of the signs and factors in the above expressions are
different from the ones in ref. [1]. The quantum representation of momenta and coordinate
will be done accordingly, in order to achieve self-consistency (see section III).
Let us now address the supersymmetry constraints from the Hamiltonian formalism.
We will follow closely the framework presented in ref.[1,43] and adequality extended it to
3 Notice that πij ≡ −12p(ij) = 12eAA
′(ip
j)
AA′ = −12eα(ip
j)
α where the last equality follows
from the time gauge conditions; see ref. [43,58].
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the case where gauged supermatter is present. As stated above, the momenta conjugate
to the basic fields are found from the Lagrangian and leading to a number of primary
and secondary constraints, these last characteristic of systems with fermions. Eliminating
these and obtaining modified bracket relations, as explained, we obtain an explicit form
for the terms present in expression (2.4). However, the full Hamiltonian (2.4) contains
arbitrary Lorentz rotations and these ought to be included through a geometrically mean-
ingfull Lagrangian multipliers, namely the time component ωAB0, ω˜A′B′0 of the connection
forms multiplied by a minus sign [1,43]. Choosing to implement this procedure, the im-
proved constraints in (2.4) will then differ from the previous ones by terms proportional to
projections of JAB or its derivatives. The parts in JAB, J˜A′B′ corresponding to the spin−2
and 32 fields will contribute to SA, S¯A′ as in [1,43], after expanding the spatial covariant
derivative in its torsion-free and contorsion parts. The inclusion of components from JAB
which depend on the mater fields will contribute with new terms of the type ψχχ¯, ψλλ¯
and their hermitian conjugates to the supersymmetry constraints [43]. We notice that this
last step is missing in the procedure employed in ref. [17]. In the end of this section we
further discuss the implications of its absence and which problems its presence might solve.
The supersymmetry constraint S˜A′ is then found to be
S˜A′ =−
√
2ieAA′iψ
A
jπ
ij +
√
2ǫijkeAA′i
3sD˜jψ
A
k
+
1√
2

πJ∗ +
i√
2
h
1
2 gLM∗Γ
M∗
J∗N∗n
BB′ χ˜N
∗
B′
χL
B
− ih
1
2
2
√
2
KJ∗gMM∗n
BB′ χ˜M
∗
B′
χM
B −
1
2
√
2
ǫijkKJ∗e
BB′
jψkBψ˜iB′
−w[1]
√
2h
1
2 gIJ∗χ
IBe mBB′ n
CB′ψmC

χ˜J
∗
A′
−
√
2h
1
2 gIJ∗
(
D˜iΦI
)
χ˜J
∗
B′n
BB′e iBA′ + w[2]
i
2
gIJ∗ǫ
ijkeAA′jψ
A
i
χ˜J
∗B′
eBB′kχ
IB
+w[3]
1
4
h
1
2ψAi
(
e iBA′ n
AC′ − eAC′inBA′
)
gIJ∗χ˜
J∗
C′
χIB
−h 12 exp(K/2)
[
2PnAA′e
i
AB′ ψ˜
B′
i + i (DIP )nAA′χ
IA
]
− i√
2
πn(a)eBA′nλ
(a)B +
1
2
√
2
ǫijkeBA′kλ
(a)BF
(a)
ij +
1√
2
h
1
2 gD(a)nAA′λ
(a)
A
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+w[4]
1
4
h
1
2ψAi
(
e iBA′ n
AC′ − eAC′inBA′
)
λ˜
(a)
C′ λ
(a)B
− i
4
h
1
2nBB
′
λ
(a)
Bλ˜
(a)
B′KJ∗χ˜
J∗
A′ , (2.21)
where λ
(a)
A , λ˜
(a)
A′ and χIA, χ˜I∗A′ should be redefined as in Eqs. (2.9), (2.12). The other su-
persymmetry constraint (SA) is just the hermitian conjugate of (2.21). Here eAA′i =
σαAA′eαi [1], where σ
α
AA′(α = 1, 2, 3) are Infeld-van der Waerden symbols and π
ij =
−1
2
eα(ipˆ
j)
α . Notice that the three last lines in (2.21) correspond to the presence of a
spin-1 field and fermionic partner in the supermatter content, i.e., if gauged supermatter
is considered [54,60]. These terms will not be used in our Bianchi type-IX model. The
w[i], i = 1, 2, 3, 4 denote numerical coefficients which correspond to the inclusion of the
terms ψχχ¯, ψλλ¯ and their hermitian conjugates to the supersymmetry constraints via
ωAB0J
AB and hermitian conjugate. Also [54]
3sD˜jψAk =∂jψAk + 3sωABjψBk
+
1
4
(
KKD˜jΦK −KK∗D˜jΦK
∗
)
ψAk
+
1
2
gA
(a)
j
(
ImF (a)
)
ψAk , (2.22)
where 3sωABj ,
3sω˜A′B′j give the torsion-free three-dimensional connection, and
D˜iAK = ∂iAK − gA(a)i XK(a) , (2.23)
with g the gauge coupling constant and XK(a) the ath Killing vector field. Further-
more, the analytic functions F (a)
(
ΦJ
)
and F
∗(a)
(
ΦI
∗
)
arise [54,60] from the transforma-
tion of the Ka¨hler potential K under an isometry generated by the Killing vectors X(a)
and X
∗(a). Also, in Eq. (2.21), πn(a) is the momentum conjugate to A
(a)
n , KJ∗ denotes
∂K/∂ΦJ
∗
, ΓM
∗
J∗N∗ denotes the Christoffel symbols [54,60] of the Ka¨hler geometry, and
P = P
(
ΦI
)
gives the anlytical potential of the theory.
The gauge generator Q(a) is given classically by
Q(a) = −∂nπn(a) − gfabcπn(b)A(c)n
+ g
(
πIX
I(a) + πI∗X
I∗(a)
)
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+
√
2ih
1
2 gKMI∗n
AA′XJ
∗(a)ΓI
∗
J∗N∗
χ˜N
∗
A′
χM
A
−
√
2ih
1
2 gnAA
′
λ˜
(b)
A′
[
fabcλ
(c)
A +
1
2
i
(
ImF (a)
)
λ
(b)
A
]
+
√
2ih
1
2 gnAA
′
KIJ∗χ˜
J∗
A′
[
∂XI(a)
∂ΦJ
χJ
A +
1
2
i
(
ImF (a)
)
χI
A
]
− i√
2
g
(
ImF (a)
)
ǫijkψ˜iA′e
AA′
jψAk , (2.24)
where fabc are the structure constants of the isometry group.
It is worthwhile to notice that we expect now to obtain the correct transformation
properties (cf. ref. [54]) of the physical fields under both supersymmetry transformations,
using brackets δξψ
A
i ≡ [ξ˜A′S˜A
′
, ψAi ]D, etc, where ξ is a constant spinor parametrizing the
supersymmetric transformation. In fact, that was not possible for some fields, when using
the explicit form for the supersymmetry constraints in ref. [17,18] as it can be checked.
The reasons are as follows. On the one hand, the matter terms in the Lorentz constraints
JAB , J˜A′B′ were not included in the supersymmetry constraints, following and extending
the framework presented in [43]. On the other hand, expressions only valid in pure N=1
supergravity were employed to simplify the supersymmetry constraints with supermatter.
Namely, the expressions for SA = 0, S˜A′ = 0 in pure N=1 supergravity were used to re-
write the spatial covariant derivative 3Di in terms of its torsion free part
3sDiand remaining
terms which include the contorsion. When supermatter is present, we expect the different
matter fields to play a role in the Lorentz constraints terms which ought to be included in
the supersymmetry constraints once ω0ABJ
AB and its hermitian conjugate are employed
in the canonical action. A similar argument applies when we expand 3Di but using (2.22),
(2.23).
III. Quantization of the diagonal Bianchi type-IX model
In this section we study the Bianchi type-IX model with spatial metric in diagonal
form, using the supersymmetry constraints derived in the previous section. We restrict
our case study to a supermatter model constituted only by a scalar field and its spin−1
2
partner with a two-dimensional flat Ka¨hler geometry. The Ka¨hler potential would be just
φφ¯, the Ka¨hler metric is gφφ¯ = 1 and the Levi-Civita connections are zero. The scalar
16
super-multiplet, consisting of a complex massive scalar field φ and massive spin-12 field
χ
A, χ¯A′ are chosen to be spatially homogeneous, depending only on time.
The 4-metric gµν of diagonal Bianchi type-IX is given by
gµν = ηabe
a
µe
b
ν , (3.1)
where ηab is the Minkowski metric (µ, ν = 0, . . . , 3; a, b = 0, . . . , 3) and the non-zero com-
ponents of the tetrad eaµ are given by
e00 = N , e
1
0 = a1N
iE1i , e
2
0 =a2N
iE2i , e
3
0 = a3N
iE3i ,
e1i = a1E
1
i , e
2
i =a2E
2
i , e
3
i = a3E
3
i .
(3.2)
Here E1i, E
2
i, E
3
3(i = 1, 2, 3) are a basis of unit left-invariant one-forms on the three-sphere
[44] and N,N i, a1, a2, a3 are spatially constant. We can also write
hij = a
2
1E
1
iE
1
j + a
2
2E
2
iE
2
j + a
2
3E
3
iE
3
j . (3.3)
In the calculation, we shall repeatedly need the expression:
ωABin
A
B′e
BB′j =
i
4
(
a3
a1a2
+
a2
a3a1
− a1
a2a3
)
E1iE
1j
+
i
4
(
a1
a2a3
+
a3
a2a1
− a2
a3a1
)
E2iE
2j
+
i
4
(
a2
a3a1
+
a1
a2a3
− a3
a1a2
)
E3iE
3j. (3.4)
We require that the components
(
ψA0, ψ
A′
0
)
be functions of time only. We further require
that ψAi and ψ˜
A′
i be spatially homogeneous in the basis e
a
i.
We now proceed to solve the supersymetry and Lorentz constraints for the case of
a diagonal Bianchi-IX model with a scalar supermultiplet. The H⊥ and Hi constraints
can be defined through the anti-commutator of SA and SA′ , as in the case of N = 1
supergravity without matter fields [1,22,23,24]. Thus the remaining constraints imply
H⊥Ψ = 0, HiΨ = 0; if one could find a solution of the remaining quantum constraints,
the H⊥ and Hi constraints would follow (with a certain choice of factor-ordering).
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A quantum description can be made by studying (for example) Grassmann-algebra-
valued wave functions of the form Ψ
[
eAA
′
i , ψ
A
i, χ¯A, φ, φ
]
. The choice of χ¯A ≡ n A′A χ¯A′
rather than χA is designed so that the quantum constraint SA′ should be of first order
in momenta (cf. also ref. [9-12,18,21,25]). For simplicity, we have droped the hat “∧”
henceforth and apply our homogeneous Bianchi-IX Ansatze consistently throughout the
paper.
The momenta are represented by
p iAA′ → −ih¯
δ
δeAA
′
i
− 1√
2
ǫijkψAjψ¯A′k , (3.5)
πφ → −ih¯ ∂
∂φ
, (3.6)
πφ → −ih¯
∂
∂φ
, (3.7)
ψ
A′
i →
1√
2
ih¯DAA
′
jih
1
2
∂
∂ψAj
, (3.8)
χA → −
√
2h¯
∂
∂χ
A
. (3.9)
We have made the replacements δΨ/δψBj −→ h
1
2 ∂Ψ/∂ψBj , δΨ/δχ
A → ∂Ψ/∂χA, where
∂/∂ψAj , ∂/∂χ
A
denotes left differentiation. It is worthwhile to make the following com-
ments about these replacements. The h
1
2 factor is necessary as to ensure that each term
has the correct weight in the equations, namely when one takes a variation of a Bianchi
geometry whose spatial sections are compact, multiplying by δ/δhij and integrating over
the three-geometry [6,7,14,15,16]: the cause can be identified in the term h−
1
2 in expres-
sion (2.20). One can check, e.g., that the inclusion of h
1
2 gives the correct supersymmetry
constraints in the k = +1 Friedmann model, where the model was quantized using the
alternative approach via a supersymmetric Ansatz [9-12,21,25]. It is interesting as well to
notice that for the χ, χ fields no such requirements seemed to be needed to establish the
equations for the bosonic amplitudes of the wave function of the universe.
The supersymmetry constraints become then, in differential operator form
SA′ = −i
√
2
[
−ih¯1
4
[
eAA′iψ
A
j
]
eCC
′i δ
δeCC′j
− ih¯1
4
[
eAA′iψ
A
j
]
eCC
′j δ
δeCC′i
]
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+
√
2ǫijkeAA′i
3(s)ωABjψ
B
j
− i√
2
h¯nCA′χ
C ∂
∂φ
− i
√
2h¯heK/2P (φ)nAA′e
i
AB′D
CB′
ji
∂
∂ψCj
− i
√
2h¯heK/2DφP n
A
A′
∂
∂χ
A
− i
2
√
2
h
1
2 h¯φnBB
′
nCB′χ
C
nDA′χ
D ∂
∂χ
B
− i
4
√
2
h¯h
1
2φǫijkeBB
′
j ψkBD
C
B′linDA′χ
D ∂
∂ψCl
− h¯
√
2h
1
2 eB mB′ n
CB′ψmCnDA′χ
D ∂
∂χ
B
− i√
2
h¯ǫijkeAA′jψ
A
i nDB′χ
D
eBB
′
k
∂
∂χ
B
+
1
2
√
2
h¯h
1
2ψiA(e
B i
A′ n
AC′ − eAC′inBA′)nDC′χD
∂
∂χ
B
, (3.10)
SA = i
√
2
[
−h¯2 1
4
√
2
[
eAA′ih
1
2DPA
′
kj
∂
∂ψPk
]
eCC
′i δ
δeCC′j
−h¯2 1
4
√
2
[
eAA′ih
1
2DPA
′
kj
∂
∂ψPk
]
eCC
′j δ
δeCC′i
]
− ih¯ǫijkh 12 eAA′i 3(s)ωA
′
B′jD
PB′
mk
∂
∂ψPm
+ ih¯2
∂
∂χ
A
∂
∂φ
− h 12 eK/2P (φ)n A′A e iBA′ψBi
+ ih
1
2 eK/2(DφP )
∗ n A
′
A nCA′χ
C
− i
2
h
1
2 h¯2φnBB
′
nDB′χ
D ∂
∂χ
A
∂
∂χ
B
+
i
4
h¯2h
1
2φǫijkeBB
′
j ψiBD
C
B′mk
∂
∂χ
A
∂
∂ψCm
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+ ih¯2he B
′m
B n
BC′DCC′kmnDB′χ
D ∂
∂χ
A
∂
∂ψCk
+
i
2
h¯2ǫijkh
1
2 eAA′jD
CA′
minDB′χ
D
eBB
′
k
∂
∂χ
B
∂
∂ψCm
− i√
2
h¯2h
3
2 (eCA
′in B
′
A − e B
′i
A n
CA′)nDB′χ
D
DPA′mi
∂
∂χ
C
∂
∂ψPm
, (3.11)
where the terms containing no matter fields are consistent with ref. [6,7,14,15,16]. No-
tice that a constant analytical potential is similar to a cosmological constant term as in
[14,15,16].
The two above expressions will then be used together with (2.9), (2.12), to obtain
the equations for the bosonic amplitudes coefficients on the wave function of the universe,
Ψ. More precisely, we will employ the integrated form of the constraints in (2.4), i.e.,
H ≡ ∫ d3xH obtained from the action re-written in a canonical form as S = ∫ d3x(pq˙ −
H). We stress this point in order to deal correctly with terms as πφχA and hermitian
conjugates and to obtain agreement with known expressions in dimensional-reduced models
[9-12,18,21,25]. There is also another issue concerning the transformations (2.12) imposed
by the matter fields χ, χ that should be pointed out. Similarly to ref.[15,16] we could try to
analyse the case of FRW with complex scalar fields and fermionic partners using the Ansatz
ψAi = e
AA′
i ψA′ [9-12,18,21,25]. This implies (see eq. (3.16a)) that β
A = 3
4
nAA
′
ψA′ ∼ ψ
A
.
However, the analysis in ref. [25] (see also [9-12,21]) from a one-dimensional reduced
action point of view clearly indicates that we are required as well to redefine a new spin-12
component of the gravitino by ψA → h
1
4ψA. Only with that we can properly obtain simple
equations for the bosonic amplitudes. Consistently, a similar procedure has to be employed
in this paper as it is easy to check. Hence, we have to consider a similar redefinition as
(2.12) to the irreducible spin1
2
, 3
2
components of ψAi. Such replacement is expected to give
the correct supersymmetry constraints in the k = 1 FRW model when it is quantized using
the dimensional-reduction alternative approach via an adequate homogeneous Ansa¨tze [9-
12,21,25]. Next, we address the construction of a Lorentz invariant Ansatz for Ψ, on which
the supersymmetry constraints derived above will act.
The constraints JABΨ = 0, J¯A
′B′Ψ = 0 imply that Ψ ought to be a Lorentz-invariant
function. One takes then expressions in which all spinor indices have been contracted
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together. It is reasonable also to consider only wave functions Ψ which are spatial scalars,
where all spatial indices i, j, . . . have also been contracted together. To specify this, note
the decomposition [6,7,14,15,16] of ψABB′ = e
i
BB′ψ
A
i:
ψABB′ = −2nCB′γABC +
2
3
(βAnBB′ + βBnAB′)− 2ǫABnCB′βC , (3.12)
where γABC = γ(ABC) is totally symmetric and ǫAB is the alternating spinor.
As pointed out in the Introduction, we decide to construct our Lorentz invariant wave
function (expressed in several fermionic sectors and corresponding bosonic amplitudes)
using the framework represented in refs. [6-12,14-16,18,21,25]. We are aware of its limita-
tions (they may be particularly severe in the case of P (φ) 6= 0), as far as the middle sectors
are concerned. In fact, we will be neglecting Lorentz invariants built with not only the
spin 1
2
and 3
2
Lorentz irreducible mode components of the fermionic fields but also with
the ones corresponding to the gravitational degrees of freedom. The new method proposed
in [23,24] do clarify some doubts and paradoxical situations in supersymmetric quantum
cosmology, in particular constructing the correct middle fermionic sectors. However, the
solutions in [23,24] for the middle sectors are not entirely new, as explained in the Intro-
duction. They were allready present in the “old” framework [8]. Thus, a simpler Lorentz
invariant construction could still be of some utility, namely in order to accomodate the
basic features of our model and to obtain new solutions. We hope these will correspond
to states existing in ordinary minisuperspace quantum cosmology. Nevertheless, due care
must be taken. In particular, if no states are allowed when P (φ) 6= 0. The proper and
complete treatment of our model would then have to follow ref.[23,24]. We may expect,
however, that our results could be taken either as a complement or indication towards its
implementation.
Our general Lorentz-invariant wave function is then taken to be a polynomial of eight
degree in Grassmann variables
Ψ(a1, a2, a3, φ, φ) = A+B1βAβ
A +B2χAχ
A
+C1γABCγ
ABC
+D1βAβ
AγEBCγ
EBC +D2χAχ
AγEBCγ
EBC
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+E1(γABCγ
ABC)2
F1(βAβ
AγEBCγ
EBC)2 + F2χAχ
A(γEBCγ
EBC)2
+G1βAβ
AχBχ
B +H1βAβ
AχBχ
BγEDCγ
EDC
+I1βAβ
AχBχ
B(γEDCγ
EDC)2
+Z1χAβ
A + Z2χAβ
AγEDCγ
EDC
+Z3χAβ
A(γEDCγ
EDC)2 . (3.13)
Note that the term
(
βAγABC
)2
= βAγABCβ
Dγ BC
D can be rewritten, using the anti-
commutation of the β’s and γ’s, as
const. βEβEǫ
ADγ
ABC
γ BC
D ∼
(
βEβ
E
) (
γ
ABC
γABC
)
. (3.14)
Similarly, any quartic in γABC can be rewritten as a multiple of
(
γABCγ
ABC
)2
. Since
there are only four independent components of γABC = γ(ABC), only one independent
quartic can be made from γABC , and it is sufficient to check that
(
γ
ABC
γABC
)2
is non-
zero. Now γABCγ
ABC = 2γ000γ111− 6γ100γ011. Hence
(
γ
ABC
γABC
)2
includes a non-zero
quartic term γ000γ100γ110γ111. The analytic potential imply that there is coupling between
different fermionic levels.
Regarding the ordering chosen for the quantum mechanical operator form of the su-
persymmetry constraints (3.10), (3.11) let us point the following. We decided to adopt the
choice made in ref. [17,18], namely that we order each term cubic in fermions in SA′ (using
anti-commutation) such that one fermionic derivative (momentum) is on the right and the
fermionic variables are on the left. The ordering of the SA constraint is defined by taking
the hermitian adjoint with respect to the natural inner product [1,9-12,61]; the terms in SA
cubic in fermions have two derivatives (momenta) on the right and one fermionic variable
(coordinate) on the left. We stress that the expressions (3.13), (3.14) still correspond to
a full theory formulation (cf. ref. [6,7,14-18]). We could follow a different path, using a
reduction through homogeneous Ansa¨tze to get an action for a one one-dimensional time
dependent model. In this context, one could choose an ordering as in [9-12], where all
derivatives on the constraint corresponding to our SA is ordered with all derivatives on
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the left. In ref. [11] this ambiguity was taken into account and an expression for the
supersymmetry constraints was defined, using again the hermitian adjoint with respect to
the natural inner product [1,61]. Moreover, it related it to the previous one by putting
extra linear tems in the fermionic coordinate and momenta. In [25] both the last two
approaches were analysed for the case of a FRW model with supermatter and shown to
be in agreement. We believe that our choice of ordering will produce equivalent results
to those one could have obtained had we used a dimensional reduction from the start and
possible different orderings. We will comment on this in the following and in section IV.
The action of the constraints operators SA, S¯A′ (3.10), (3.11) on Ψ (3.13) leads to a
system of coupled first order differential equations which the bosonic amplitude coefficients
of Ψ must satisfy. These coefficients are functions of a1, a2, a3, φ, φ¯. The equations are ob-
tained after eliminating the eAA
′
i and n
AA′ resulting in the SAΨ = 0, S¯A′Ψ = 0 by contract-
ing them with combinations of eBB
′
j and n
CC′ , following by integraton over S3. These equa-
tions correspond essentially to expressions in front of terms such as χ, β, γ, βAχχ, γABCχχ,
etc, after the fermionic derivatives in SA, S¯A′ have been performed on SAΨ = 0, S¯A′Ψ = 0.
As one can easily see, the number of obtained equations will be very large. Actually, its
number will be 44×3, taking into account cyclic permutations on a1, a2, a3 (see ref. [15,16]).
Their full analysis is quite tedious and to write all the terms just would overburden the
reader. Let us then instead describe the several steps involved in the calculations, showing
as well some examples of the calculations involved in solving the SAΨ = 0, S¯A′Ψ = 0
quantum constraints.
The supersymmetry constraints can be described as a combination of terms consti-
tuted by expressions in eAA
′
i , n
AA′ and φ, φ¯, with fermionic variables. More precisely,
the S¯A′ constraint has fermionic terms of the following type: β
A, γABC, χ¯A, ∂
∂ψA
i
, ∂
∂χA
,
χ¯χ¯ ∂
∂χ
, ψχ¯ ∂
∂ψ
, ψχ¯ ∂
∂χ
. The SA constraint is of second order in fermionic derivatives and
includes terms as: ∂
∂ψA
i
, ∂
∂χA
, βA, γABC , χ¯A, χ¯ ∂∂χ
∂
∂χ , ψ
∂
∂χ
∂
∂ψ , χ¯
∂
∂χ
∂
∂ψ . In some of the expes-
sions above we have deliberately not written some of the spatial or spinorial indexes as to
allow for their possible combinations and contractions as one can see from the equations
for SAΨ = 0, S¯A′Ψ = 0. We will use the gravitino field written in terms of the β spin
1
2
and γ spin 32 modes, respectively. Moreover, we will use the following expressions:
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∂(βAβ
A)
∂ψBi
= −n B′A e iBB′ βA, (3.15a)
∂
(
γ
ADC
γADC
)
∂ψBi
= −2γBDC nCC
′
eD iC′ , (3.15b)
∂(βAβA)
∂βC
= 2βC , (3.15c)
∂βA
∂ψBj
= −1
2
n B
′
A e
j
BB′ , (3.15d)
∂γADC
∂ψBj
=
1
3
nCC
′
eD jC′ ǫ
A
B +
1
3
nAC
′
eC jC′ ǫ
D
B +
1
3
nDC
′
eA jC′ ǫ
C
B . (3.15e)
We also write out βA and γBDC in terms of e
EE′
j and ψ
E
j as
βA = −12nA
′i
A e
i
BA′ψ
B
i , (3.16a)
γABC =
1
3
n C
′
C e
i
BC′ψAi +
1
3
n C
′
A e
i
CC′ψBi +
1
3
n C
′
B e
i
AC′ψCi, (3.16b)
from which (3.15a), (3.15b) become
∂
(
βAβ
A
)
∂ψBi
=
1
4
eiBB′e
B′j
C ψ
C
j , (3.17a)
∂
(
γADCγ
ADC
)
∂ψBi
= −1
3
ejDA′e
DA′iψBj
− 2
3
n A
′
B n
CC′e jCA′e
D i
C′ψDj +
1
3
e jBA′e
CA′iψCj . (3.17b)
Since the wave function is of even order in fermionic variables, the equations SAΨ =
0, S¯A′Ψ = 0 will be of odd order in fermionic variables, up to seventh order. Notice that
some of the fermionic terms in (3.10), (3.11) applied to Ψ increase the fermionic order by
a factor of one (e.g, χ¯) while others as χ¯ ∂
∂χ
∂
∂ψ
decrease it by the same amount.
The two following tables illustrate in a simple way how the quantum supersymmetry
constraints (3.10), (3.11) operate on Ψ(3.13) and which types of fermionic terms can be
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obtained. The first table correspond to SAΨ and the second to SA′Ψ. The first row is
constituted by the fermionic operators present in the supersymmetry constraints while in
the first column we have the several terms which are consequently obtained from SAΨ =
0, S¯A′Ψ = 0. In the intersection slots we have the possible different bosonic coefficients
of the wave function Ψ, representing the specific way a fermionic operator acts on Ψ.
For example, we see that the operator χ in S¯A′ produces fermionic terms such as βχχ,
βχχγγ, βχχ(γγ)2 to which correspond bosonic functions Z1, Z2, Z3, respectively. In such
a way we can infer which type of wave function coefficients are present in each equation
(say, the one corresponding to χββ(γγ)2) and which fermionic operators have produced
those terms. The brackets in (γγ) stand for γABCγABC and the same notation will be
used for the other fermionic variables throughout the paper. A slash over a particular
bosonic amplitude means that after all the calculations have been made to simplify the
corresponding equations, the expression associated with that particular coefficient is zero.
An example is when those expressions contain something like γABCǫBC which is zero due
to the symmetry of γABC = γ(ABC) and the antisymmetry of ǫAB = ǫ[AB]. Hence, they do
not contribute to the set of equations we will discuss in the following two subsections. A
“•” means that no bosonic amplitudes in Ψ can match the particular fermionic operator
and the term in SAΨ = 0, SA′Ψ = 0, respectively. As a last comment, the third and fourth
columns in both tables corespond to the action of fermionic operators which appear in
terms involving P (φ), DφP (φ) respectively, or their hermitian conjugates.
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ց ∂∂ψ ∂∂χ ψ χ χ ∂∂χ ∂∂χ ψ ∂∂χ ∂∂ψ χ ∂∂χ ∂∂ψ
β B1 Z1 A • • Z1 •
γ C1 • A/ • • Z/1 •
χ Z1 B2 • A B2 • Z1
ββχ • G1 Z1 B1 G/1 G/1 •
ββγ D1 • B/1 • • Z/2 •
βχχ G1 • B2 Z1 • • G/1
βχγ Z2 • • • • D2, G1 Z2
ββγ D1 Z2 C1 • • Z2 •
χχγ D2 • B/2 • • • D/2
χγγ Z2 D2 • C1 D2 D2 •
γγγ E1 • C/1 • • Z/2 •
β(γγ)2 F1 Z3 E1 • • Z3 •
γββγγ F1 • D/1 • • Z/3 •
γχχγγ F2 • D/2 • • • F/2
βχχγγ H1 • D2 Z2 • • H/1
γββχχ H1 • G/1 • • • H/1
χ(γγ)2 Z3 F2 • E1 F2 F2 Z3
χβγγγ Z3 • • • • F2, H1 Z3
χββγγ • H1 Z2 • H/1 H/1 •
βχχ (γγ)
2
I1 • F2 Z3 • • I/1
γββχχγγ I1 • H/1 • • • I/1
χββ(γγ)2 • I1 Z3 F1 I/1 I/1 •
Table 1: Action of SA (3.11) on Ψ (3.13)
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ց ψ χ ∂∂ψ ∂∂χ χχ ∂∂χ ψχ ∂∂ψ ψχ ∂∂χ
β A • B1 Z1 • • •
γ A • C/1 • • • •
χ • A Z1 B2 • • •
ββχ Z1 B1 • G1 • B1 Z1
ββγ B1 • D/1 • • • •
βχχ B2 Z1 G1 • Z1 Z1 B2
βχγ Z1 • • • • C1, B1 Z1
βγγ C1 • D1 Z2 • • •
χχγ B2 • D/2 • • Z/1 B/2
χγγ • C1 Z2 D2 • C1 •
γγγ C1 • E/1 • • • •
β(γγ)2 E1 • F1 Z3 • • •
γββγγ D1 • F/1 • • • •
γχχγγ D2 • F/2 • • Z2 D/2
βχχγγ D2 Z2 H1 • Z2 Z2 D2
γββχχ G1 • H/1 • • Z2 H/1
χ(γγ)2 • E1 Z3 F2 • E1 •
χβγγγ Z2 • • • • D1, E1 Z2
χββγγ Z2 D1 • H1 • D1 Z2
βχχ (γγ)
2
F2 Z3 I1 • Z3 Z3 F2
γββχχγγ H1 • I/1 • • • H/1
χββ(γγ)2 Z3 F1 • I1 • F1 Z3
Table 2: Action of SA′ (3.10) on Ψ (3.13)
It is worthwhile to stress the following important property, which holds regardless we
put P (φ) = 0 or not. Using the symmetry properties of eAA
′
i , nAA′ , γ
ABC , ǫAB we can
check that all equations which correspond to the terms γ, γββ, χχγ, γγγ , γββγγ, γχχγγ,
γββχχ, γββχχγγ in SAΨ = 0, S¯A′Ψ = 0 will give a similar expression for the coefficients
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A,B1, B2, C1, D1, D2, E1, F1, F2, G1, H1, I1. Namely,
P (a1, a2, a3;φ, φ)e
±(a21+a
2
2
+a2
3)
(cf.ref. [7,8,23,24] and see below). The same does not apply to the Z1, Z2, Z3 coefficients
as the βχγ and βχγ(γγ) terms from both the supersymmetry constraints just mix them
with other coefficients in Ψ.
In the following we will analyse two cases separately: when the analytic potential
P (Φ) is arbitrarly and when is identically set to zero. We will begin by the former.
Case A. P (φ) 6= 0
From the equations corresponding to γDEF (ββ) and γFGH(γγ) in SA′Ψ = 0 we get
2ǫijkeAA′iω
A
Bjn
D
B′e
CB′
kB1 − h¯nDB′eCB
′
i
δB1
δeBA
′
i
+(BCD → CDB) + (BCD → DBC) = 0 , (3.18)
2ǫijkeAA′iω
A
Bjn
D
B′e
CB′
kC1 − h¯nDB′eCB
′
i
δC1
δeBA
′
i
+(BCD → CDB) + (BCD → DBC) = 0 . (3.19)
Contracting Eq. (3.18), (3.19) with eBA
′ℓnCC′e
C′N
D , multiplying by, say,
δhℓn =
∂hℓn
∂a1
= 2a1E
1
iE
1
j ,
and integrating over S3 gives
3h¯a1
∂B1
∂a1
− h¯
(
a1
∂B1
∂a1
+ a2
∂B1
∂a2
+ a3
∂B1
∂a3
)
−16π2a1a2a3
(
a3
a1a2
+
a2
a3a1
− 2 a1
a2a3
)
B1 = 0 , (3.20)
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3h¯a1
∂C1
∂a1
− h¯κ2
(
a1
∂C1
∂a1
+ a2
∂C1
∂a2
+ a3
∂C1
∂a3
)
−16π2a1a2a3
(
a3
a1a2
+
a2
a3a1
− 2 a1
a2a3
)
C1 = 0 , (3.21)
and the corresponding equations given by permuting a1a2a3 cyclically.
Following the steps in ref. [14,15,16], we consider now eq. (3.20), (3.21) and cyclic
permutations. These leads to
h¯
(
a1
∂B1
∂a1
− a2 ∂B1
∂a2
)
= 16π2
(
a22 − a21
)
B1 (3.22)
h¯
(
a1
∂C1
∂a1
− a2 ∂C1
∂a2
)
= 16π2
(
a22 − a21
)
C1 (3.23)
and cyclic permutations. Integrating them along a characteristic a1a2 = const., a3 =
const., using the parametric description a1 = u1e
τ , a2 = u2e
−τ , we get
B1 = f(a1a2, a3;φ, φ)e
−
8pi2
h¯ (a
2
1
+a2
2) , (3.24)
and similarly to C1. From their cyclic permutations and from the invariance under this
cyclic permutation over a1, a2, a3 we subsquently obtain
B1 = f(a1a2a3;φ, φ)e
−
8pi2
h¯ (a
2
1
+a2
2
+a2
3) , (3.25)
C1 = g(a1a2a3;φ, φ)e
−
8pi2
h¯ (a
2
1
+a2
2
+a2
3) , (3.26)
The same type of expressions follow for the remaining bosonic coefficients with the excep-
tion of Z1, Z2, Z3.
Let us then proceed considering the equations obtained from SAΨ = 0 and first order
in fermions, with terms linear in β and γ. These equations (see also next subsection), after
contraction with expressions in eAA
′
i , nAA′ and integrating over S
3 and using (3.15)-(3.17),
can be combined into
1
16
h¯2
(
a1
∂B1
∂a1
+ a2
∂B1
∂a2
+ a3
∂B1
∂a3
)
−1
3
h¯a1
[
3
∂C1
∂a1
− a−11
(
a1
∂C1
∂a1
+ a2
∂C1
∂a2
+ a3
∂C1
∂a3
)]
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− 16π2eK/2P (φ)a1a2a3A− π2h¯a1a2a3
(
a1
a2a3
+
a2
a3a1
+
a3
a1a2
)
B1
+
1
3
(
16π2
)
h¯a1a2a3
(
2a1
a2a3
− a2
a3a1
− a3
a1a2
)
C1
+ 8π2φh¯2Z1 − 2ih¯2 ∂Z1
∂φ
= 0 , (3.27)
and two more equations given by cyclic permutation of a1a2a3. Let us point out that the
β equation correspond to the trace of (3.27) while the γ one represents its trace free part.
Eq. (3.27) differs from the one in ref. [15,16] in its last two terms. From eq. (3.25), (3.26)
and (3.27) with cyclic permutations we get
16π2eK/2P (φ)A = −2π2h¯(a1a2a3)−1
(
a21 + a
2
2 + a
2
3
)
e
[
−
8pi2
h¯ (a
2
1
+a2
2
+a2
3)
]
f
+
3
16
h¯2κ2e
[
−
8pi2
h¯ (a
2
1
+a2
2
+a2
3)
]
f ′
+
2
3
(
16π2
)
h¯(a1a2a3)
−1
(
2a21 − a22 − a23
)
e
[
−
8pi2
h¯ (a
2
1
+a2
2
+a2
3)
]
g
+ 8π2h¯2(a1a2a3)
−1φZ1 − 2ih¯2(a1a2a3)−1 ∂Z1
∂φ
(3.28)
and cyclically. We assume as well as in [14,15,16] that the coefficients in the the wave
function are invariant under permutations of a1, a2, a3. We then get g = 0 ⇒ C1 = 0 as
the only possible solution.
Now, eq. (3.28) and its cyclic permutations with C1 = 0 must be solved consistently
with the equation obtained from the linear terms in β and γ from S¯A′Ψ = 0. We follow
the same procedure as above, writting β and γ in terms of ψ iA , adding them and geting
h¯a1
∂A
∂a1
+ 16π2a21A+ 6π
2h¯eK/2P (φ)a1a2a3B1 −
√
216π2h¯a1a2a3e
K/2(DφP (φ))Z1 = 0 ,
(3.29)
and two others given by cyclic permutation of a1a2a3. Relatively to ref. [14,15,16], the
main difference is in the term in Z1. Eliminating A, we get
3h¯3
16
(
16π2eK/2P (φ)
)f ′′ − h¯2
8eK/2P (φ)
(
a21 + a
2
2 + a
2
3
)
a1a2a3
f ′
+ 6π2h¯eK/2P (φ)f − h¯
2
4eK/2P (φ)
1
a22a
2
3
f +
h¯2
8eK/2P (φ)
(
a21 + a
2
2 + a
2
3
)
(a1a2a3)2
f
30
− h¯
3
16π2
1
eK/2P (φ)
1
(a1a2a3)
2φe
[
8pi2
h¯ (a
2
1
a2
2
+a2
3)
]
Z1
h¯2
2eK/2P (φ)
φe
[
8pi2
h¯ (a
2
1
a2
2
+a2
3)
]
Z1
a22a
2
3
+
2ih¯3
16π2
1
eK/2P (φ)
1
(a1a2a3)
2 e
[
8pi2
h¯ (a
2
1
+a2
2
+a2
3)
]
∂Z1
∂φ
− 2ih¯
2
eK/2P (φ)
e
[
8pi2
h¯ (a
2
1
a2
2
+a2
3)
]
1
a22a
2
3
∂Z1
∂φ
−
√
216π2ih¯eK/2DφP (φ)e
[
8pi2
h¯ (a
2
1
a2
2
+a2
3)
]
Z1 = 0 , (3.30)
and cyclic permutations. Since f = f(a1a2a3;φ, φ) is invariant under permutations of
a1, a2, a3, the terms in (a2a3)
−2f term and its permutations imply now, differently from
[14,15,16], a relation between Z1 and B1:
f(a1a2a3;φ, φ)e
[
8pi2
h¯ (a
2
1
a2
2
+a2
3)
]
+ 2φZ1 − 8i∂Z1
∂φ
= 0. (3.31)
For the particular case of B1 = 0, i.e., (f = 0), it follows in the end of the day
that from the remaining equations the only possible solution is Ψ = 0. Considering the
equations from the linear term in β and γ from S¯A′Ψ = 0, the only term different from
ref. [14,15,16] is the one in Z1. But it happens that the solutions of the equation in γ
are the same as in ref. [7] (cf. eq. (3.18)-(3.26)). So, substituting these solution back
in the equation (3.29) – see also table 2 for the β equation – all terms safe the last will
contribute to give zero as they are allready present in the corresponding equation for the
Bianchi-IX model with Λ = 0 [7]. Hence, we are left out with Z1 = 0. As a consequence,
the equation corresponding to the term in SAΨ = 0 linear in β gives then A = 0. Using
all these results in the equation corresponding to the tems linear in χ from S¯A′Ψ = 0 gives
B2 = 0. Then the ββχ term from SA′Ψ = 0 implies G1 = 0. Consequently the γββχχ
term from the SA′ constraint leads to Z2 = 0. The βχγ term from SA gives that D2 = 0.
Again, collecting these results in the βγγ term from S¯A′Ψ = 0 we obtain D1 = 0. The
βχχγγ term from S¯A′Ψ = 0 leads to H1 = 0 and the βχγγγ term to E1 = 0. Finally, we
have to address the coefficients F1, F2, I1, Z3 of Ψ. Their analysis turn out to be similar to
the one of A,B1, B2, Z1 but without the C1 coefficient. Using the equations corresponding
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to βχχ(γγ)2 from S¯A′Ψ = 0, γχχγγ, γββγγ and βχχ(γγ)
2 terms in SAΨ = 0 we get
that F2 = 0. Then χ(γγ)
2 in S¯A′Ψ = 0, β(γγ)
2 in S¯A′Ψ = 0 and βχβ(γγ)
2 in S¯A′Ψ = 0
induce that Z3 = 0, F2 = 0 and I1 = 0, respectively. However, these results are just a
consequence of a rather particular case. We should address then a more general situation.
For an arbitrarly f , eq. (3.31) allows to write an expression for Z1 in terms of functions
of φ, φ and a1, a2, a3. If we use that expression in other equations, we get other formulas
for other bosonic coefficients. For example, from the equation in β from SA′Ψ = 0 we
may use B1, Z1 as above to get an expression for A. One complements these steps with
the equation linear in χ from SA′Ψ = 0 and study B2. Following this procedure, we
would get the general solution of this extremely complicated set of differential equations.
Although apparently possible, we could not establish a definite result in the end due to the
complexity of the equations involved. As in [10,12], no easy way is apparent of obtaining
an analitycal solution to this set of equations. Moreover, the exponential terms eK/2 leads
to some difficulties.
We could also speculate by saying that non trivial physical states could be found for a
generic P (φ). In fact, the presence of the anisotropic gravitational degrees of freedom and
the spin3
2
modes of the gravitino together with the matter fields produce some important
changes relatively to ref. [14,15,16]. In particular, the structure of the equations is different
as expressed in (3.27)-(3.28) and namely in (3.31).
Let us also point that for frozen scalar fields, i.e., such that eK/2P (φ) ≡ const we
would obtain a scenario similar to an effective cosmological constant term. In fact, the
equations will turn to be familiar to the ones in [14,15,16]. Hence, from the asumption
φ, φ = const we would be led again to Ψ = 0.
Nevertheless, we should stress that the main (and perhaps, solely) conclusions from
the case A is that the adequacy of Ansatz (3.11) has severe limitations. Again, it seems
paradoxical that for all degrees of freedom of the Bianchi-IX (diagonal) model with su-
permatter and analytical potential, the constraints imply that Ψ = 0 for some simplified
assumptions. The proper answer to this situation would have to be addressed from the
point of view ref. [23,24]. The Ansatz for Ψ is definitevely incomplete as far as chirality
breaking/mode mixing (non-conservation of fermion number in the sense of [23,24]) is con-
cerned. The results in this subsection can be be taken as another example strengthening
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the arguments of R. Graham and A. Csorda´s [23,24], although expression (3.11) may still
be useful to indicate new possible solutions.
Case B. P (φ) = 0
Let us now consider the case when we choose the analytical potential to be identically
zero. The analysis of our Bianchi-IX model with supermatter will turn out to be simpler
then in the previous subsection. Moreover, we will follow closely some arguments and
framework presented in [9-12,18,21,25].
As we can see either from the equations directly obtained from SAΨ = 0, S¯A′Ψ =
0 or from their representation in the tables 1 and 2, we have self-contained groups of
equations relating the 15 wave function coefficients (in the case of P (Φ) 6= 0 that is not
true). This applies to 3 groups involving (A,B1, B2, C1, Z1), (G1, D1, D2, E1, Z2) and
(H1, F1, F2, I1, Z3). Moreover, notice in particular that the equation corresponding to
the terms linear in β, γ, χ in S¯A′ψ = 0 and βχχ(γγ)
2, ββχ(γγ)2 in SAΨ = 0 completly
determine the coefficients A and I1. Moreover, A and I1 do not appear in any other
equation. We have then
A = f(φ)e−
8pi2
h¯
[a2
1
+a2
2
+a2
3
], (3.32)
I1 = k(φ)e
8pi2
h¯
[a2
1
+a2
2
+a2
3
]e−2π
2φφ. (3.33)
The coefficients G1, H1 share a similar property with respect to the ββχ, βχχ equa-
tions from SAΨ = 0 and ββχγγ, βχχγγ from SAΨ = 0, respectively. However, the βχγ
and βχγ(γγ) terms in SAΨ = 0 impose that G1 also appear together with Z2, D2 and that
H1 is together with Z3, F2 in independent expressions. This particular property will allow
to determine that G1 and I1 from Z2, D1 and Z3, F2, respectively.
The equations involving B1, B2, C1, Z1 can also be said to be self-contained in the same
sense that they involve only these coeficients and no other. Moreover, these coefficients do
not occur in any other equations. This can be easily checked, namely from the equations
for the terms linear in β, χ in SAΨ = 0, ββχ and βχχ in S¯A′Ψ = 0, ββγ in S¯A′Ψ = 0,
χγγ, βγγ, γγγ in S¯A′Ψ = 0, γ in SAΨ = 0. The previous ones in χγγ, βγγ, γγγ, γ just
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involve C1. All the others just have B1, B2, Z1. However, the βχγ equation in S¯A′Ψ = 0
mixes B1, C1, Z1. Actually, is the only equation which mixes C1 with the remaining bosonic
coefficients in the corresponding group.
The same structure of equations and relations between coefficients can be easily
checked to occur as well to the subsets involving D1, D2, E1, Z2 and F1, F2, I1, Z3. No-
tice again that for the first group, the equations from β(γγ)2, χ(γγ)2 in SAΨ = 0 and γγγ
in SAΨ = 0 involve only E1 and are enough to determine it. Moreover, the βχγ(γγ) term
in S¯A′Ψ = 0 relates Z2, D1, E1.
We now proceed to analyse the groups of equations which includes B1, B2, C1, Z1 .
We also include the redefinitions B1 → iB,B2 → B2 to simplify the results (cf. ref. [10-
12,18,25]). The analysis of the remaining groups is similar, as stated above. The ββχ,
βχχ equations from SA′Ψ = 0 and β, χ equations from SAΨ = 0 give, respectively,
4h¯2
∂B1
∂φ
+ 8π2φB1 +
3h¯2
4
ai
∂Z1
∂ai
− 3h¯
2
4
√
2
Z1 + 4π
2h¯a1a2a3
(
a1
a2a3
+
a2
a1a3
+
a3
a1a2
)
Z1 = 0 ,
(3.34a)
h¯2
4
ai
∂B2
∂ai
+ 4π2h¯a1a2a3
(
a1
a2a3
+
a2
a1a3
+
a3
a1a2
)
B2 − 1
4
B2 − 2h¯2 ∂Z1
∂φ
− 4π2h¯2φZ1 = 0 ,
(3.34b)
h¯2
4
ai
∂B1
∂ai
− 4π2h¯a1a2a3
(
a1
a2a3
+
a2
a1a3
+
a3
a1a2
)
B1 + 2h¯
2 ∂Z1
∂φ
+ 4π2φZ1 = 0 , (3.34c)
4h¯2
∂B2
∂φ
+ 8π2φB2 − 3h¯
2
4
ai
∂Z1
∂ai
+
3h¯2
4
√
2
Z1 + 4π
2h¯a1a2a3
(
a1
a2a3
+
a2
a1a3
+
a3
a1a2
)
Z1 = 0 .
(3.34d)
We have used ai, i = 1, 2, 3, to denote any operation with respect to (a1, a2, a3). Making
the substitution B1 = B˜1 exp(−2π2φφ¯) , Z1 = Z˜1 exp(−2π2φφ¯) and B2 = B˜2 exp(−2π2φφ¯)
[25,40], the above four equations become
4
∂B˜1
∂φ
+
3ai
4
∂Z˜1
∂ai
− 3
4
√
2
Z˜1 + 4π
2h¯−1a1a2a3
(
a1
a2a3
+
a2
a1a3
+
a3
a1a2
)
Z˜1 = 0 , (3.35a)
4
∂B˜2
∂φ
− 3ai
4
∂Z˜1
∂ai
+
3
4
√
2
Z˜1 + 4π
2h¯−1a1a2a3
(
a1
a2a3
+
a2
a1a3
+
a3
a1a2
)
Z˜1 = 0 , (3.35b)
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2
∂Z˜1
∂φ
− 3
4
ai
∂B˜2
∂ai
− 4π2h¯−1a1a2a3
(
a1
a2a3
+
a2
a1a3
+
a3
a1a2
)
B˜2 +
1
4
a1a2a3B˜2 = 0 (3.35c)
2
∂Z˜1
∂φ
+
1
4
ai
∂B˜1
∂ai
− 2π2h¯−1a1a2a3
(
a1
a2a3
+
a2
a1a3
+
a3
a1a2
)
B˜1 = 0 . (3.35d)
We will now use (3.35a), (3.35d) and (3.35b), (3.35c) to eliminate B˜1 or B˜2 to get a
differential equation for Z˜1. Let us take (3.35b), (3.35c). Applying
∂
∂φ
to (3.35c), using
(3.35b) for ∂B2
∂φ
, we obtain
2
∂Z˜1
∂φ¯∂φ
− 3ai
43
∂
∂ai
(
aj
∂Z˜1
∂aj
)
+
9
43
√
2
ai
∂Z˜1
∂ai
+
[
4π4h¯−2
(
a1a2a3
(
a1
a2a3
+
a2
a1a3
+
a3
a1a2
))2
−π2h¯−1 3 +
√
2
4
√
2
a1a2a3
(
a1
a2a3
+
a2
a1a3
+
a3
a1a2
)
− 3
43
√
2
]
Z˜1 = 0 . (3.36)
We proceed similarly for the equations (3.35a), (3.35d) but we notice that relatively to ref.
[10,12,25], the term in (3.35d) linear in B˜1 is absent. This is due to the ordering we choose
from the full theory constraints. Had we chosen a different ordering procedure for the SA
quantum constraint, as the one in ref. [10,12,21] or even as in [11] (see also ref. [25]), the
last column in table 1 for the β row will have a bosonic coefficient B1. However, it is easy
to see from the above equations that the coefficients of the third, fifth and sixth terms in
(3.36) will differ from the ones in the equation for Z1 which we derive from the remaining
equations (3.35a), (3.35d). Consistency than implies that Z˜1 = 0. Consequently, the
equations for terms with combinations of only β and γ involve just B1 and C1. These
are then as the ones in the case of a Bianchi-IX with Λ = 0 and no supermatter [7]. The
only possible solution of these equations with respest to a1, a2, a3 is the trivial one, i.e.,
B1 = C1 = 0. The equations corresponding to χ and combinations of it with β or γ would
give, with B1 = C1 = Z1 = 0, the dependence of B2 on a1, a2, a3, φ. This correspond to
B2 = h(φ)a1a2a3e
−
8pi2
h¯
[a2
1
+a2
2
+a2
3
]e−2π
2φφ. (3.37)
This pattern repeats itself in a similar way when we consider the two groups involving
D1, D2, E1, Z2 and F1, F2, Z3. In particular, notice that from the βχγγγ and βχγ terms
in SAΨ = 0 we get E1 = G1 = H1 = 0 from Z2 = D2 = 0, Z2 = D1 = 0, and Z3 = F1 = 0.
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Hence, besides A and I1, only B2 and F2 will be different from zero. We can write
than for the solution of the constraints, using the Ansatz (3.13),
Ψ = f(φ)e
8pi2
h¯
[a2
1
+a2
2
+a2
3
]
+ h(φ)a1a2a3e
[−a2
1
−a2
2
−a2
3
]e−2π
2φφχAχ
A
+ g(φ)a1a2a3e
8pi2
h¯
[a2
1
+a2
2
+a2
3
]e−2π
2φφβAβ
A(γBCDγ
BCD)2
+ k(φ)e
8pi2
h¯
[a2
1
+a2
2
+a2
3
]χAχ
AβEβ
E(γBCDγ
BCD)2. (3.38)
IV. Conclusions, Discussions and Outlook
In this paper we have studied the quantization of a Bianchi type IX (diagonal) model in
N=1 supergravity in the presence of supermatter. The supermatter content was constituted
by a scalar multiplet, i.e., a pair of complex scalar fields together with their odd (anti-
commuting) spin-1
2
fields partners. The corresponding Ka¨hler geometry was chosen to be
a two-dimensional flat one.
Our approach can be characterized as twofold. On the one hand, we applied directly
the quantum constraints of the full theory of N=1 supergravity with supermatter [54]
subject to a (diagonal) Bianchi type-IX Ansa¨tze for the fields. On the other hand, we
restricted ourselves to a simple Lorentz invariant Ansatz for the wave function of the
universe, Ψ. In particular, only the irreducible spin 12 ,
3
2 mode components of the fermionic
fields have been considered. We then analysed two possible cases, namely when the scalar
field dependent analytical potential in the supermatter content was either arbitrary or
identically set to zero.
In the former, our main (and perhaps, solely) conclusion was that the adequacy of
our Ansatz for Ψ is severly limited as far as chirality breaking, mode mixing or non
conservation of fermion number (in the sense of [23,24]) are concerned. Following [23,24],
it seems paradoxical that for all the degrees of freedom present in the Bianchi type-IX
with supermatter the constraints imply Ψ = 0 for some simplifying assumptions. These
include either putting the analytical potential term constant and different from zero (as an
effective cosmological constant) or choosing some particular simple solutions for specific
bosonic amplitude coefficients in the Ansatz of Ψ. In a more general setting, no easy
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way is apparent of obtaining an analytical solution for the full set of equations. In fact,
exponential terms as eφφ lead to serious difficulties. However, the possibility to have non-
trivial states for Ψ could not be ruled out at cubic order in ψAi as in ref. [14,15,16]. In fact,
the presence of the matter degrees of freedom together with the anisotropic gravitational
ones and the spin-3
2
modes of the gravitino allows one to speculate on that possibility.
For P (φ), however, we found out that Ψ had indeed a very simple form. Namely, the
only non zero components of the wave function can be found in the sectors with no fermions
(bosonic) and in three other sectors, more precisely filled with just the spin-12 fermionic
partners of the scalar field, another filled with just the spin-1
2
and 3
2
mode components of
the spatially homogeneous gravitino field and finally one totally filled with spin-12 fermionic
partners of the scalar field as well as the the spin-1
2
and 3
2
mode components of the gravitino
field. More precisely, we obtained
Ψ = f(φ)e−
8pi2
h¯
[a2
1
+a2
2
+a2
3
]
+ h(φ)a1a2a3e
−
8pi2
h¯
[a2
1
+a2
2
+a2
3
]e−2π
2φφχAχ
A
+ g(φ)a1a2a3e
8pi2
h¯
[a2
1
+a2
2
+a2
3
]e−2π
2φφβAβ
A(γBCDγ
BCD)2
+ k(φ)e
8pi2
h¯
[a2
1
+a2
2
+a2
3
]χAχ
AβEβ
E(γBCDγ
BCD)2.
The simple semi-classical form of the bosonic amplitude coeficients in Ψ above sug-
gests that we might find among them the Hartle-Hawking (no-boundary) state [45] or the
(ground) wormhole quantum state of the theory [46], both of the form Pe−I where I is
a certain Euclidian action. The wormhole state should correspond to an asymptotic 4-
Euclidian classical solution, which is outwards to a 3-geometry, required to be regular at
small 3-geometries (the interior boundary) and to die away rapidly at large 3-geometries
[46]. For the Hartle-Hawking state, we require a regular solution of the classical field
equations with metric (3.3) defined on the outer boundary [45].
The arbitrary functions f, g, h, k of φ, φ do not allow to conclude unambiguously that
in any of the fermionic sectors the corresponding bosonic amplitudes will die away for
large 3-geometries and φ, φ at infinity. Moreover, a wormhole state for a FRW case would
have the form prefactor× e−3a2+3a2 cosh(ρ) where φ = ρeiθ and one would expect a simple
generalization of it to the Bianchi-IX case. Hence it seems that we cannot find a wormhole
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ground state. However, a similar issue for the case of a FRW model was addressed recently
(see ref. [62] for details) and where a wormhole basis may still be constructed.
With regard to the Hartle-Hawking state, the same arguments in [7] can be used to
show that we cannot identify such type of solution in (3.37). According to Graham and
Luckock [8], another definition of homogeneity conditions for the gravitino field could lead
us to obtain instead
Ψ = f(φ)e−
8pi2
h¯
[a2
1
+a2
2
+a2
3
+2(a2a3+a1a3+a1a2)]
+ h(φ)a1a2a3e
−
8pi2
h¯
[a2
1
+a2
2
+a2
3
+2(a2a3+a1a3+a1a2)]e−2π
2φφχAχ
A
+ g(φ)a1a2a3e
8pi2
h¯
[a2
1
+a2
2
+a2
3
−2(a2a3+a1a3+a1a2)]e−2π
2φφβAβ
A(γBCDγ
BCD)2
+ k(φ)e
8pi2
h¯
[a2
1
+a2
2
+a2
3
−2(a2a3+a1a3+a1a2)]χAχ
AβEβ
E(γBCDγ
BCD)2,
where we could identify the Hartle-Hawking state.
With respect to the models considered so far within the more general N=1 supergrav-
ity theory with supermatter [18,21,25,26,54], we would expect our locally supersymmetric
(diagonal) Bianchi-IX model coupled to a scalar supermultiplet to bear instead impor-
tant differences. In fact, the models in [18,21,25,26] were FRW ones and consequently the
gravitino fields were required to to be (severly) restricted to their spin-12 modes. How-
ever, the presence now of anisotropic gravitational degrees of freedom and hence of the
spin-32 modes of the gravitinos could play an important role. Moreover, it would bring
our minisuperspace model closer to the features of a full theory of N=1 supergravity with
supermatter in spite of the drastic inhomogeneous modes truncation. Our results corre-
sponded to “straightforward” anisotropic generalization of the previous works in the same
line of research [18,21,25,26]. Nevertheless, we could not avoid some problems. In partic-
ular, the absence of the Hartle-Hawking and wormhole states. In the following, we would
like to discuss (and somehow, to speculate) what may be the possible reasons for that.
Firstly, we have obtained our differential equations by applying the quantum con-
straints of the full theory of N=1 supergravity with supermatter subject a the Bianchi-IX
(diagonal) Ansatz. This has been used previously [6,7,14,15,16] and in agreement with
other approaches [34,35,36]. However, there are some points which could be of some im-
portance. We begin by noticing that in this paper as well as in others following the same
approach [1,6,7,14,15,16], contorsion terms are absent in the full theory supersymmetry
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constraints. This can be related to the inclusion of the Lorentz constraints in the spa-
tially integrated Hamiltonian through the Lagrange multipliers ω0AB, ω
0
A′B′ . However, in
dimensional-reduced cases with supermatter [10,11,12,18,21,25] contorsion cubic fermionic
terms in the gravitino field are present. In ref. [9,10] when no supermatter was considered,
a redefinition of Lagrange multipliers was introduced in order to obtain a simple form for
the generators in the Hamiltonian and their Dirac brackets; subsequetly the contorsion
cubic terms dissapeared. It may be that when supermatter is present such redefinitions
cannot be straigthforwardly extended from the pure N=1 supergravity case, either in the
full theory or from a dimensional reduction approach (see [43] and sections 5,6 in [10]).
Secondly, we have used an overly restrictive Ansatz for Ψ in the sense that the Lorentz
invariant sectors have been constructed without the irreducible spin components of the
gravitational degrees of freedom [23,24]. We are conscient of this fact and our purpose was
to obtain an indication of what will be the picture in the “new” framework as explained
by R. Graham and A. Csorda´s [23,24]. Our arguments were as follows. Both the bosonic
and fermionic filled sectors amplitudes in [23,24] could be obtained from Lorentz invariant
sectors containing only the irreducible spin components of the gravitino field. Moreover,
the solutions for the middle sectors (absent in the old framework) were allready present
in [8], using the old Ansatz for Ψ together with a different homogeneity condition for
gravitino. The old framework uses a set of coupled first order differential equations while
the solutions for middle states in [23,24] (where the Hartle-Hawking state was properly
identified) depend on our ability to solve a (second-order) Wheeler-DeWitt type of equa-
tion. Hence, we hoped that the old approach could still be of some utility as far as locally
supersymmetric models with supermatter are concerned.
It seems though from our analysis and discussion hereby presented, that when super-
matter is present one cannot simply expect to follow a somewhat simple relation between
the old and new frameworks. Perhaps the approach in [23,24] properly applied to our
Bianchi-IX model could be able to find out the Hartle-Hawking states in other middle
sectors. However, the absence of a wormhole state is another issue to be addressed [62].
Either a fundamental piece in constructing the reduced theory (following any of the pos-
sible approaches) has been neglected or then we would have to conclude that when the
more general theory of N=1 supergravity with supermatter [54] is rightfully considered the
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wormhole picture may not be the ground state.
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